In this article we study the arcwise connected component in the Pontryagin dual of an abelian topological group. It is clear that the set of continuous characters that can be lifted over the reals is contained in the arcwise connected component of the dual group. We show that the converse is true if all arcs in the character group are equicontinuous sets.
In this article we find a weaker condition under which Nickolas' result is still true and analyze the scope of this condition by means of a number of results and examples.
Since every topological group is a homogeneous space, it is sufficient to consider the component (arcwise connected component) of the neutral element, which will be simply called component (arcwise connected component). The arcwise connected component of a topological group G will be denoted by G a . For topological groups G and H, the set of continuous homomorphisms G → H will be denoted by CHom(G, H). The dual group G ∧ of G is defined by G ∧ := CHom(G, T), where T denotes the compact group of complex numbers of modulus 1. The elements of G ∧ are called continuous characters. Unless otherwise explicitly stated, we endow G ∧ with the compact-open topology. With this topology G ∧ is a Hausdorff topological abelian group, which we refer to as the Pontryagin dual of G. We denote by G ∧∧ the bidual group (G ∧ ) ∧ .
The canonical mapping in the bidual group is defined by:
The group G is called Pontryagin reflexive if α G is a topological isomorphism. The famous Pontryagin-van Kampen theorem states that every locally compact abelian (LCA) group is Pontryagin reflexive.
We denote by G ∧ lift the group of continuous characters that can be lifted over R. It is clear that
Besides these characters we also consider those that can be lifted over R σ (the reals endowed with the Bohr topology) and denote this group by is called the exponential function of G. So the elements of im exp G are those lying in oneparameter subgroups, and G is the union of its one-parameter subgroups if and only if exp G is onto.
In Theorem 3.6 we will establish the following inclusions:
We present examples of groups for which both inclusions are strict. In analyzing conditions under which the corresponding identities hold, it is natural to introduce the "equicontinuous arc property" (EAP for short), which is satisfied for a topological abelian group G if the image γ(I) of every continuous mapping γ : I → G ∧ is equicontinuous, where I = [0, 1]. In Theorem 3.11 it will be proved that if G has the EAP, then G ∧ lift = (G ∧ ) a holds. If G is an abelian topological group such that α G is continuous, then G has the EAP (Proposition 2.2). On the other hand, if (G ∧ ) a = {e G ∧ }, then G trivially has the EAP. We construct a nondiscrete topology δ eat (equicontinuous arc topology) on Z (c) which makes it a topological group with the EAP and T c as its character group, thus providing an example of a group G satisfying the EAP for which α G is not continuous and (G ∧ ) a is not trivial.
The article is organized as follows: In the second section the EAP is defined and studied within different classes of topological groups. In the third section we prove our main results, Theorem 3.6 and Theorem 3.11, and we finish the paper with some further illustrative examples.
Notation and terminology
For any n ∈ N, we define T n := {e 2πit : |t| ≤ 1 4n }. We denote the set T 1 = {z ∈ T : Re z ≥ 0} also by T + .
A group duality G, H is a triple formed by two abelian groups G, H and a bihomomorphism ·, · : G × H → T. We say that the duality G, H is separated if H separates the points of G and H separates the points of G by means of the bihomomorphism ·, · . Note that given any group duality G, H we can also consider the duality given by the bihomomorphism
, which we will simply denote by H, G whenever this abuse of notation does not lead to any misunderstanding. In particular, any topological abelian group (G, τ ) gives rise to the natural dualities G, G ∧ and G ∧ , G ; unless otherwise stated, whenever we use any duality-related concept in the context of a topological abelian group or a dual group, these will be the dualities at play. The topological abelian group G is said to be dually separated if G ∧ separates the points of G. The concept of a group duality was introduced by Varopoulos in [23] .
Given any group duality G, H , the polar of a subset S ⊂ G with respect to G, H is the set of all h ∈ H for which S, h ⊂ T + . If G is a topological abelian group, it is easy to prove that a subset B ⊂ G ∧ is equicontinuous if and only if there exists a neighborhood U of e G such that B is contained in the polar of U . Besides, the family of polars of compact subsets of G forms a neighborhood basis of e G ∧ for the compact-open topology.
If G, H is a group duality, a subset S of G is said to be quasi-convex with respect to G, H if it coincides with the H, G -polar of its G, H -polar. A topological abelian group G is said to be locally quasi-convex if it admits a neighborhood basis of e G formed by quasi-convex sets with respect to the duality G, G ∧ .
If G, H is a group duality, the (group) topology induced by the mapping [g ∈ G → ( g, h ) h∈H ∈ T H ] is denoted by σ(G, H). Polars in G of finite subsets of H form a neighborhood basis of e G for the topology σ(G, H). The topology σ(G, H) is Hausdorff if and only if H separates the points of G. If the duality is separated, the dual group of (G, σ(G, H)) can be naturally identified with H. If G is a topological abelian group, the topology σ(G, G ∧ ) is called weak topology or Bohr topology of G, and the topology σ(G ∧ , G) is called topology of pointwise convergence on G ∧ . Instead of (R, σ(R, R ∧ )) we simply write R σ .
Topological vector spaces are arcwise connected abelian topological groups and they play an important role in this context. Let us denote by Lin(E, F ) (resp. by CLin(E, F )) the space of linear maps (resp. continuous linear maps) from E to F , where E and F are real vector spaces (resp. topological vector spaces). The topological dual of a topological vector space E, i. e.,
CLin(E, R), will be denoted by E * .
A vector space duality E, F is a triple formed by two real vector spaces E and F and a bilinear map ·, · : E × F → R. As in the group case, we say that the duality E, F is separated if E separates the points of F and vice-versa, always with respect to ·, · . We say that a topological vector space E is dually separated if E * separates the points of E in the canonical duality E, E * .
If E, F is a vector space duality, for any subset V of E, we call the set {f ∈ F : V, f ⊂ [−1, 1]} the polar (in the vector-space sense) of V . We denote by ω(E, F ) the initial topology generated by the mapping [x ∈ E → ( x, y ) y∈F ∈ R F ]. Important examples are, of course, the topologies ω(E, E * ) (called weak topology) on E and ω(E * , E) (called weak- * topology or topology of pointwise convergence) on E * , for any topological vector space E. Observe that polars in E of finite subsets of F form a neighborhood basis of 0 for ω(E, F ).
We denote by p : R → T the covering projection defined by p(t) = e 2πit , and byp : 2 The equicontinuous arc property Definition 2.1. Let G be a topological abelian group. We say that G has the equicontinuous arc property (EAP) if every arc in the character group is equicontinuous, that is, if for every continuous map ϕ : I → G ∧ , the set ϕ(I) is equicontinuous.
In this Definition, as elsewhere in the paper unless otherwise stated, the dual group G ∧ carries the compact-open topology.
Note that every topological abelian group with (G ∧ ) a = {e G ∧ }, in particular, every topological abelian group with totally disconnected dual group, trivially has the EAP. Another natural class of examples are the groups G for which all compact subsets of G ∧ are equicontinuous. It is a well-known fact in Pontryagin duality that these groups are exactly those for which α G is continuous [2, Proposition 5.10] . This gives the following Proposition:
G has the EAP. Later we will construct (2.12 and 2.18) examples of groups G with the EAP and such that α G is not continuous.
Proposition 2.4. Let G be a topological abelian group, and let γ : I → G ∧ be a continuous arc.
The following conditions are equivalent:
(a) γ(I) is an equicontinuous subset of G ∧ .
(b) The evaluation mapping Φ : of [15] . For the sake of the reader we include a direct proof.
at (t 0 , x 0 ). For this, fix n ∈ N; we need to find a neighborhood V t 0 of t 0 in I and a neighborhood
Since the composition of γ with the evaluation at x 0 is continuous at t 0 , there exists a neighborhood
It is clear that U x 0 and V t 0 satisfy the required condition.
(b)⇒(a): Fix x 0 ∈ G; let us see that γ(I) is equicontinuous at x 0 . For this, fix n ∈ N; we want to find a neighborhood
is continuous at (t, x 0 ) for every t ∈ I, we can associate to every t ∈ I neighborhoods U t of x 0 in G and
Again, since the composition of γ with the evaluation at x 0 is continuous at t, we may assume 
From Proposition 2.4 it clearly follows that any productive group has the EAP.
Next we discuss the presence of the EAP on groups and vector spaces endowed with weak topologies. We will see that a group of the form (G, σ(G, H)) has the EAP only if the arcwise connected component of its Pontryagin dual is trivial. Spaces of the form (E, ω(E, F )) show necessarily a different behaviour in this respect; note that their Pontryagin dual groups are topological vector spaces and hence arcwise connected.
We will need the following Lemma: Lemma 2.6. (a) Let G, H be a group duality. Suppose that G separates the points of H.
Any subset of H which is equicontinuous with respect to σ(G, H) is finite.
(b) Let E, F be a vector space duality. Suppose that E separates the points of F . Any subset of F which is equicontinuous with respect to ω(E, F ) is contained in a finite dimensional subspace of F .
Proof. (a) Since polars in G of finite subsets of H form a basis of neighborhoods of zero for σ(G, H), any equicontinuous subset of H with respect to this topology must be contained in a set of the form Q(S) := {h ∈ H : g, S ⊂ T + ⇒ g, h ∈ T + } for a finite subset S of H. The set Q(S) is the quasi-convex hull of the finite set S in the dually separated topological group (H, σ(H, G)), and hence it is finite [2, 7.11].
(b) Again, polars in E (this time in the vector-space sense) of finite subsets of F form a basis of neighborhoods of zero for ω(E, F ). Hence any equicontinuous subset of F with respect to this topology must be contained in the bipolar (with respect to the topology ω(F, E)) of a finite subset S of F. By the Bipolar Theorem [14, 8.2.2] , this set is the ω(F, E)-closed, convex hull of S ∪ {0}. As ω(F, E) is a Hausdorff topology, this hull is clearly contained in a finite dimensional subspace of F.
Proposition 2.7. Let G, H be a group duality. Suppose that G separates the points of H.
Proof. This follows from Lemma 2.6, taking into account that any arc with finite range in a Hausdorff space as (G, σ(G, H)) ∧ is necessarily constant.
We next collect some interesting particularizations of Proposition 2.7. Recall that a topological abelian group (G, τ ) is said to be a Glicksberg group, or to respect compactness, if G and (G, σ(G, G ∧ )) have the same family of compact subsets. All locally compact abelian groups are Glicksberg groups (actually this is Glicksberg's classical theorem). Further, all nuclear groups are Glicksberg [4] , as well as the additive groups underlying Montel spaces [22] . A topological abelian group (G, τ ) is said to be a g-barrelled group if every σ(G ∧ , G)-compact subset of G ∧ is equicontinuous. Examples of g-barrelled groups are complete metrizable groups [6] and pseudocompact groups (note that, according to [12, Proposition 4.4] , all σ(G ∧ , G)-compact subsets of a pseudocompact group G are finite).
The following result was proved in [5, Theorem 3.8] for the complete metrizable case and in [10, Proposition 8.35 ] in this more general form.
Lemma 2.8. Let G be a g-barrelled, locally quasi-convex group. The evaluation map G → (G ∧ , σ(G ∧ , G) ) has the EAP if and only if G a = {e G }. Example 2.12. A topological abelian group H with the EAP and for which α H is not continuous:
Let H be a group of the form (G, σ(G, G ∧ )) where G is a noncompact, LCA group with totally disconnected dual group. By Proposition 2.9(c), H has the EAP. But by the Glicksberg Theorem, H ∧ is topologically isomorphic to G ∧ and in particular it contains infinite compact subsets, which by Lemma 2.6(a) cannot be equicontinuous with respect to σ(G, G ∧ ). An example of a group with analogous properties, but with an arcwise connected dual group, is given at the end of this section.
Let E, F be a separated duality of vector spaces; consider its associated group duality, which we denote in the same way. Proposition 2.7 implies in particular that (E, σ(E, F )) has the EAP if and only if F , regarded as the Pontryagin dual of (E, σ(E, F )), has a trivial arcwise connected component. But this is only the case if F = {0} and hence E = {0}. [Since the topologies σ(E, F ) and ω(E, F ) have the same compact sets [6, Proposition 1.10], this is equivalent to (E, ω(E, F )) ∧ a = {0}, but the topological group (E, ω(E, F )) ∧ , which algebraically is F , is topologically isomorphic to a topological vector space.] In particular no dually separated topological vector space endowed with its Bohr topology has the EAP. Next we will analyze the presence of the EAP in weak vector-space topologies.
Lemma 2.13. Let E be a topological vector space. The following are equivalent:
(a) Every bounded subset of E is contained in a finite dimensional subspace of E.
(b) Every arc in E is contained in a finite dimensional subspace of E.
Proof. It is clear that (a) implies (b). Conversely, it is clearly sufficient to show that every bounded sequence in E is contained in the linear span of an arc. Let {y n } be a bounded sequence; the sequence { 1 n y n } converges to zero. Put x n = 1 n y n . We construct an arc γ as follows: On the interval [ ] the arc γ will join 0 with x n . Finally, γ(0) = 0. As every topological vector space has a neighborhood basis consisting of balanced subsets, it is easy to check that γ is continuous.
Lemma 2.14. A complete metric linear space which satisfies the equivalent conditions in Lemma 2.13 is finite dimensional.
Proof. Let E be a complete metric linear space satisfying the equivalent conditions in Lemma 2.13. Since E is in particular a k-space and every compact subset of E is contained in a finite dimensional subspace, it is immediate that a subset of E is closed if and only if its intersection with every finite dimensional subspace F is closed in F . This means that E carries its finite topology in the sense of [16] . By the main result in this reference, E must have countable dimension. But E is a Baire space, and since all Hausdorff topological vector spaces of countably infinite dimension are of the first category, we deduce that E is finite dimensional. Proposition 2.15. Let E, F be a separated duality of vector spaces. The following are equivalent:
(a) (E, ω(E, F )) has the EAP.
(b) The evaluation map α G is continuous for the group G = (E, ω(E, F )).
(c) Every bounded subset of the space (E, ω(E, F )) * endowed with the topology of uniform convergence on ω(E, F )-compact subsets of E, is contained in a finite dimensional subspace.
Proof. Note that by Lemma 2.13, (c) is equivalent to (c') Every arc in the space (E, ω(E, F )) * endowed with the topology of uniform convergence on ω(E, F )-compact subsets of E, is contained in a finite dimensional subspace.
Note also that the Pontryagin dual of (E, ω(E, F )) is topologically isomorphic to the space (E, ω(E, F )) * endowed with the topology of uniform convergence on ω(E, F )-compact subsets of E. (a)⇒(c'): Apply Lemma 2.6(b). (c)⇒(b): Fix a compact set K in (E, ω(E, F )) * and let us show that K is ω(E, F )-equicontinuous. Clearly K is in particular bounded. By hypothesis there exists a finite dimensional subspace S of F such that K ⊂ S. Since K is compact, there is a finite subset ∆ of S such that K is contained in the bipolar of ∆ (as a subset of the finite dimensional space S), which in turn is contained in the bipolar computed in F . We conclude that K is an equicontinuous subset of (E, ω(E, F )) * . (b)⇒(a) follows from Proposition 2.2.
Corollary 2. 16 . Let E be a Fréchet space. (E * , ω(E * , E)) has the EAP if and only if E is finite dimensional.
Proof. As a locally convex space, E is in particular a locally quasi-convex group. Since E is in addition g-barrelled, it is topologically isomorphic to the Pontryagin dual of (E ∧ , σ(E ∧ , E)), as in the group case. Now, since ω(E * , E) and σ(E ∧ , E) share the same compact subsets (modulo the natural isomorphism), this Pontryagin dual is topologically isomorphic to that of (E * , ω(E * , E)). By Proposition 2.15, (E * , ω(E * , E)) has the EAP if and only if every bounded subset of E is contained in a finite dimensional subspace. By Lemma 2.14, this happens only if E is finite dimensional.
Corollary 2.17. Let E be a reflexive Banach space. Then (E, ω(E, E * )) has the EAP if and only if E is finite dimensional.
We end this section with an example of a group G with the EAP, with an arcwise connected dual group, and such that α G is not continuous. Recall that an abelian group G is called a Example 2.18. Let G be an uncountable Whitehead group. Consider on G the discrete topology δ and the associated weak topology δ + := σ(G, G ∧ ). Let us denote by C 0 (I, G ∧ ) the set of all continuous arcs γ : I → G ∧ with γ(0) = e G ∧ . For an arc γ ∈ C 0 (I, G ∧ ) and n ∈ N, we denote by
Note that for any arcs γ 1 , γ 2 ∈ C 0 (I, G ∧ ) we can choose an arc γ ∈ C 0 (I, G ∧ ) such that
any γ ∈ C 0 (I, G ∧ ) and n ∈ N, one has U (γ, 2n) + U (γ, 2n) ⊂ U (γ, n). Since the sets U (γ, n) are symmetric, we conclude that, as γ runs through all arcs in C 0 (I, G ∧ ) and n ∈ N, they constitute a basis of neighborhoods of zero for a group topology δ eat on G.
Note also that δ eat ≥ δ + , since by hypothesis G ∧ is arcwise connected. By the Glicksberg theorem the three topologies δ + ≤ δ eat ≤ δ give rise to the same dual group G ∧ . From the definition of the sets U (γ, n) it is immediate to deduce that (G, δ eat ) has the EAP.
For any γ ∈ C 0 (I, G ∧ ) the following estimate for the weights holds: w(γ(I)) ≤ w(I) = ℵ 0 [9, 3.1.22]. So Lemma 5.4 of [11] implies that the topology δ eat is ℵ 0 -bounded and hence not discrete. In particular, α G is not continuous.
Note the contrast between Example 2.18 and (a)⇔(b) in Proposition 2.15.
The arcwise connected component of the Pontryagin dual
The following Lemma is folklore. For the readers' convenience we give a proof.
Lemma 3.1.
1. For any topological group G such that α G is continuous we have
If ϕ :
H → G is a continuous homomorphism between topological groups then the following diagram commutes:
Remark 3.2. Observe that the groups R ∧ σ := (R ∧ , σ(R ∧ , R)) and R σ := (R, σ(R, R ∧ )) are topologically isomorphic by means of the mapping q :
The same mapping is also a topological isomorphism from R to R ∧ . 
Proof. Fix ϕ ∈ L(G ∧ ), this means ϕ : R → G ∧ is a continuous homomorphism. We consider the composition
It is clear that ϕ ∧ • α G is a homomorphism. In order to show that it is continuous when R ∧ is endowed with its weak topology σ(R ∧ , R), we compose the above mappings with the evaluation at an arbitrary point λ ∈ R:
, which proves the assertion as
Let us see that Φ is injective. Let ϕ ∈ ker(Φ). This means that Φ(ϕ) = ϕ ∧ • α G : G → R ∧ σ is the trivial homomorphism, i.e. ϕ ∧ • α G (x) : R → T is the trivial character for all x ∈ G. This means in turn that for all x ∈ G and λ ∈ R we have 1
So ϕ(λ) = e G ∧ for all λ ∈ R and hence ϕ = e L(G ∧ ) .
In order to prove the surjectivity of Φ, we fix f ∈ CHom(G, R ∧ σ ). By the Glicksberg theorem,
(In the application of 3.1 (2) we put G instead of H and R ∧ σ instead of G and f instead of ϕ.) Observe that, as R ∧∧ = (R ∧ σ ) ∧ , the mappings α R ∧ and α R ∧ σ define algebraically the same group homomorphism. So we obtain
This shows that Φ is surjective.
For a compact subset K of G and a finite subset F of R we have
The last set is a standard neighborhood of zero in L(G ∧ ) endowed with the topology of pointwise convergence. a lifting of ϕ(1) . Hence the following diagram is commutative:
Proof. By Proposition 3.3, Φ 0 is a topological isomorphism. To see that for every ϕ ∈ L(G ∧ ), Φ 0 (ϕ) is a lifting of ϕ(1), observe first that for every χ ∈ R ∧ we have exp(2πiq −1 (χ)) = χ(1).
Note that, since Φ 0 is a topological isomorphism, the diagram in Corollary 3.4 reduces the study of the exponential map to that ofp. Note also that we can replace CHom(G, R σ ) by CHom(G, R) in this Corollary under any of the equivalent conditions of the following result, and in particular if G satisfies the EAP.
Proposition 3.5. The following conditions are equivalent:
Proof. The equivalence (a)⇔(a') is a direct consequence of the isomorphisms R ∼ = R ∧ and
Theorem 3.6. Let G be a topological abelian group. Then we have the following chain of inclusions: On the other hand, for every topological abelian group G we have im
is arcwise connected (it is actually a topological vector space, see [13, Proposition 7 .36]).
Remark 3.7. It was proved by Dixmier [8] that for a LCA group G,
Example 3.8. A topological group G for which G ∧ lift = G ∧ liftσ = im exp G ∧ = (G ∧ ) a : Let G be the topological abelian group (R, σ(R, R ∧ )). By Glicksberg Theorem, G ∧ = R ∧ ∼ = R, which implies im exp G ∧ = (G ∧ ) a = G ∧ . But since G is precompact, CHom(G, R) = {0} and in particular Using some arguments from the proof of the above theorem and Proposition 2.4, we obtain Theorem 3.11. Let G be a topological abelian group with the EAP. Then
Proof. By Theorem 3.6, G ∧ lift ≤ im exp G ∧ ≤ (G ∧ ) a . Let χ be a character in (G ∧ ) a , and let us see that it can be lifted to a continuous real character. Let γ : I → G ∧ be a continuous mapping joining the trivial character to χ. Then, by assumption, the arc γ(I) is equicontinuous and Proposition 2.4 implies that γ * : G × I → T, (x, t) → γ(t)(x) is continuous. Denote by ψ : G × {0} → R the null real character. By the homotopy lifting property we can find a homotopy F : G × I → R such that p • F = γ * and F |G×{0} = ψ. Now the unique path lifting property of p : R → T allows us to show thatχ : G → R defined as the restriction of F to G × {1} is a homomorphism and hence a continuous real character lifting χ. with E a reflexive Banach space. This group does not have the EAP (see Corollary 2.16) but since it is a topological vector space, it satisfies G ∧ lift = im exp G ∧ = (G ∧ ) a . We do not know of any such example outside the class of topological vector spaces.
